In the structural refinement of nanoparticles, discrete atomistic modeling can be used for small nanocrystals (< 15 nm), but becomes computationally unfeasible at larger sizes, where instead unit-cell-based small-box modeling is usually employed. However, the effect of the nanocrystal's shape is often ignored or accounted for with a spherical model regardless of the actual shape due to the complexities of solving and implementing accurate shape effects. Recent advancements have provided a way to determine the shape function directly from a pair distribution function calculated from a discrete atomistic model of any given shape, including both regular polyhedra (e.g. cubes, spheres, octahedra) and anisotropic shapes (e.g. rods, discs, ellipsoids) [Olds et al. (2015) . J. Appl. Cryst. 48, 1651-1659], although this approach is still limited to small size regimes due to computational demands. In order to accurately account for the effects of nanoparticle size and shape in small-box refinements, a numerical or analytical description is needed. This article presents a methodology to derive numerical approximations of nanoparticle shape functions by fitting to a training set of known shape functions; the numerical approximations can then be employed on larger sizes yielding a more accurate and physically meaningful refined nanoparticle size. The method is demonstrated on a series of simulated and real data sets, and a table of pre-calculated shape function expressions for a selection of common shapes is provided.
Introduction
Nanomaterials are at the forefront of many technologically important and scientifically interesting material advances. For example, oxide nanoparticles are of great interest for catalysis (Yang et al., 2008) , for lithium-ion battery anode materials , as self-assembled thin films (Mimura & Kato, 2013) and as dielectric media in composites (Parizi et al., 2014; Adam et al., 2014; Caruntu et al., 2015) . A thorough description of a nanoparticle's structure is key for developing structure-function relationships. However, due to the small size of such nanocrystals, diffraction peaks broaden (Billinge & Levin, 2007) , and structural information about crystallographic symmetry, the lattice, atomic positions and atomic displacements becomes difficult to extract via conventional Rietveld refinement. Consequently, many investigations of the structure of nanoparticles convert X-ray or neutron total scattering data to real space, where the pair distribution function (PDF) reveals short-and medium-range order and structure (Petkov et al., 2008; Smith et al., 2008; Page et al., 2010; Polking et al., 2012) .
In an idealized PDF, complete information about the material's structure is accessible. However, in real experiments, several factors limit the usable r range of the PDF and confound analyses: for example, the Q range of the measurement may limit the validity of models with structural features outside corresponding length-scale ranges (Farrow & Billinge, 2009; Gagin et al., 2014; Olds et al., 2015) , while the instrument resolution damps the PDF at high r, typically noted as Q damp (Qiu et al., 2004) . The PDFs of nanostructured materials are inherently damped due to the decreasing incidence of atom-atom correlations at length scales approaching the physical size of a nanoparticle. The functional form of this finite size damping appears in the reduced PDF G(r) as the term (r),
in which ðrÞ is the atomic pair density and 0 is the average number density (Egami & Billinge, 2012) . Both the Q damp and size effects have little influence on the PDF below $20 Å , except in the case of very small nanoparticles. However, modern time-of-flight (TOF) neutron total scattering instruments such as NOMAD, POWGEN, NPDF, GEM, POLARIS and NOVA provide the ability to produce PDFs to higher r due to their higher resolution and improved signal-to-noise (Neuefeind et al., 2012; Liu, Huq et al., 2016; Proffen et al., 2002; Williams et al., 1997; Hull et al., 1992; Hattori et al., 2010) .
Similarly, X-ray PDF instruments which utilize a point or line detector (instead of an area detector) also produce PDFs with well defined peaks to at least 50 Å and likely >100 Å due to reduced instrumental damping contributions Masadeh, 2016; Ichikawa et al., 2017) . As future instrumentation advances are implemented, we expect the ability to observe high-r features to increase. Concurrently, materials with multiscale/mesoscale features (e.g. nanomaterials and disordered crystalline materials) are increasingly being studied, providing the scientific motivation to analyze structural features occurring in real space at the 2-20 nm length scale (Egami, 2015; Usher et al., 2016; Liu et al., 2017) . In the case of nanomaterials, we can now experimentally access these longer length scales in the PDF to probe larger structural features (e.g. particle shape and faceting). However, conventional software packages do not readily address such large-scale features due to the computational complexity required for fully atomistic large-box models.
Small-box modeling programs typically used for bulk crystalline materials are computationally fast, but ignore explicit nanostructure effects or only implement the spherical shape function by making use of the relationship
The approach is used in PDFgui (Farrow et al., 2007) to refine a spherical particle diameter and is valid for isotropic shapes and/or crystal structures (Howell et al., 2006; Gilbert, 2008) . Note that this implementation of the shape function (r) is not dependent on or related to the crystal structure of the material, only to the particle's size and shape (Lei et al., 2009 ). The characteristic shape function for a sphere is
where D is the diameter of the sphere and r is real-space distance (Guinier & Fournet, 1955) . This approach is often the first and only one taken by researchers modeling PDFs of nanocrystals, regardless of morphology, due to the ease of the unit-cell-based modeling approach and the absence of alternate morphology models readily available in community software to date (Polking et al., 2012; Wang et al., 2013; Hua et al., 2015) . Nonetheless, various approaches have been employed to address the effect of non-spherical nanoparticle shape in small-box models. Glatter and coworkers, recognizing that there are very few analytical expressions for shape functions, used a numerical method to compute the shape functions for several shapes including flat prisms, spheres, prolate and oblate ellipsoids, hollow spheres and cylinders (Glatter, 1979) . This numerical method has been used more recently to determine the shape function of a tetrahedron (Lei et al., 2009) . While utilized by the small-angle scattering community and implemented in software via the Debye scattering equation (Olds et al., 2012; Olds & Duxbury, 2014) , numerically calculated shapes have not generally been embraced by the PDF community. Alternatively, the (r) term for non-spherical nanoparticles can be approximated with an arbitrary function, such as an exponential decay or a Gaussian (Petkov et al., 2009; Lei et al., 2009) . Several recent studies have demonstrated that more quantitative information, especially about nanoparticle shape and size, can be extracted from careful analysis of PDFs (Gagin et al., 2014; Wang et al., 2016; Liu et al., 2017) .
It should be noted that many nanoparticle shape functions have been derived and utilized extensively in the small-angle scattering (SAS) community, some for over 50 years. While these 'form factors' are typically utilized in Q space, they can be adapted for use as shape functions by performing a Fourier transform of the expression and numerically fitting them, which yields shape functions proportional to 4r 0 ðrÞ. We compare several of our numerically derived shape functions with those analytical expressions found in SAS form factors in Figs. S1 and S2 in the supporting information. A list of available shape functions (in SasView, https://www.sasview. org/about.html) is also given in the supporting information.
Correctly accounting for the effects of shape becomes increasingly important as the achievable complexity of nanoparticle shapes increases. In the past two decades, tripods (Chen et al., 2003) , tetrapods (Carbone et al., 2006; Cozzoli et al., 2006) , nano-flowers, hexapods and crosses (Zitoun et al., 2005; Ould-Ely et al., 2006) , dumbbells and hourglass-like shapes (Liu, Xu et al., 2016) , and rhombic dodecahedron hollow nanoframes (Chen et al., 2014; Niu et al., 2016) have been synthesized. As the anisotropy of a shape increases, it is more poorly fit by a spherical shape function. Discrete atomistic models are able to avoid this problem by refining the position of every atom in the nanoparticle (Petkov et al., 2009; Page et al., 2011; Bendeif et al., 2015; Wang et al., 2016; Liu et al., 2017) , but remain computationally unfeasible for nanoparticles larger than $15 nm, as the calculation scales with the number of atoms in the nanoparticle squared (Gelisio et al., 2010) . Recently, a method was developed to extract the shape function from an atomistically calculated PDF, though refinement with this method is still limited to nanoparticle sizes that are computationally feasible (Olds et al., 2015) . What is needed is an extension between the ability to accurately determine the effect of nanoparticle shape from an atomistic model and the speed and flexibility of implementing nonspherical shape functions in small-box modeling. In this article, we present a method for determining numerical shape functions that are extracted from a parametric set of nanoparticle models. The resultant functions for a selection of common shapes are presented and demonstrated via refinement using both simulated and experimental data.
2. Method for determining numerical shape functions 2.1. General procedure
The protocol described here provides a general method for determining numerical shape functions that can be employed in small-box refinements to fit nanoparticle PDFs. There are four general steps: creation of a set of training nanoparticles, calculation of the ideal PDFs, determination of shape functions and parametric fitting of the shape functions to solve a numerical approximation.
The first step is to build a series of five to ten atomistic nanoparticles (in which the position of every atom is defined) with the desired shape of varying sizes. For example, such a series may be six discs with proportionally increasing diameter and thickness, or increasing thickness with fixed diameter.
The second step is to calculate ideal PDFs using the Debye summation in real space ignoring all instrumental damping, broadening and Q max effects. The examples shown here were calculated in DISCUS (Proffen & Neder, 1997) .
The third step is to extract the shape functions from the calculated PDFs using the approach in DShaper, which utilizes a convolution to directly approximate the shape function from a PDF of any finite atomistic model (Olds et al., 2015) . The extracted shape function is proportional to 4r 0 ðrÞ. In order to extract ðrÞ, the 'nanoparticle form factor', we divide the shape function by r, as 4 0 is a constant. We also apply a linear correction to the low-r region and normalize the set of ðrÞ such that each one smoothly approaches 1 at r = 0. This produces the 'training set' of ðrÞ.
The fourth step is to fit the training set of ðrÞ to a numerical approximation, num ðrÞ, such as a sum of Gaussians (a polynomial or other function could alternatively be used). The coefficients are dependent on the known characteristic length(s) of the shape used in the training set. In the presented examples, we utilized a sum of Gaussians, such as
in which r is real space, l 1 and l 2 are the characteristic length scales in units of nm, and a 1 , b 1 , c 1 , a 2 , b 2 and c 2 are the coefficients for the amplitude, center position and width of the Gaussians. In the case of regular polyhedra such as cubes, tetrahedra, octahedra etc., l 1 = l 2 , while for shapes such as rods, discs and flat plates, l 1 6 ¼ l 2 . An example set of parametric num ðrÞ fit to the corrected and normalized ðrÞ for gold (Au) cubes with edge lengths from 4 to 20 nm is shown in Fig. 1 (panel 4 ). There is good agreement between num ðrÞ and ðrÞ, demonstrating that the Schematic describing the steps in x2.1 to generate a numerical approximation for the shape function of a given shape. Starting at the left, Step 1 is construction of a training set of nanocrystal models; shown here are three representative cubes. The colors of the cubes in Step 1 correspond to the line colors in Steps 2 and 3.
Step 2 is calculation of PDFs from the finite nanocrystal models.
Step 3 is extraction of the shape functions from the PDFs using DShaper and conversion of the shape functions to ðrÞ.
Step 4 is fitting ðrÞ with a numerical approximation. The result in Step 4 is shown for a set of nine nanocube ðrÞ (black dots) fit with the two-Gaussian num ðrÞ (colored lines). The difference curves are shown offset below and demonstrate good agreement between ðrÞ and num ðrÞ.
numerical approximation with two Gaussians captures the features present in this series of shape functions. Such parametric num ðrÞ are usable in small-box modeling frameworks as the nanoparticle damping envelope instead of the analytical sphere shape function [equation (3)]. Use of a shape-specific num ðrÞ allows the refinement of physically relevant parameters, such as cube edge length.
The protocol outlined here was applied to a variety of common shapes (sphere, octahedron, cube, tetrahedron, rod, flat plate and tetrapod). Table 1 shows the resulting coefficients of the numerical approximations with two or three Gaussians. These parameters may easily be incorporated into a small-box refinement routine such as those available in DISCUS (Proffen & Neder, 1997; Neder & Proffen, 2008) , Diffpy-CMI (Juhá s et al., 2015) and TOPAS v6 (Coelho et al., 2015) . An example script of a numerical shape function implemented in TOPAS v6 appears in the supporting information.
2.2. Limitations of the method 2.2.1. Surface termination and nanoparticle crystallographic orientation. There are intrinsic limitations to applying shape function corrections to small-box PDF refinements using the relationship between the bulk and nanoparticle PDFs shown in equation (2). The experimentally measured or atomistically simulated PDF of a nanocrystal depends on the relationship between the orientation of the shape and the crystal structure (Gilbert, 2008) ; therefore, the relative intensities of peaks in the high-r region may not be well fit with a numerically approximated shape function. The first reason for this is that the bulk G(r) is isotropic (accounts for all atom-atom correlations in all directions in the crystal), even when multiplied by (r). The second reason is that (r) is insensitive to the crystallographic orientation-shape relationship, as shown in Fig. S3 for the rod shape (Lei et al., 2009) Table 1 Tabulated Gaussian coefficients for numerical shape functions of various shapes.
Each shape has characteristic length(s) l 1 (and l 2 , l 3 ) in units of nanometres. They are as follows: sphere, l 1 is the diameter; octahedron, l 1 is the tip-to-tip length; cube, l 1 is the edge length; tetrahedron, l 1 = 2 1=2 =2 Â edge length; rod, l 1 is the length and l 2 is the cylinder diameter; flat plate, l 1 is the width and l 2 is the plate thickness; tetrapod, l 1 is the arm length, l 2 is the arm width and l 3 is the arm tip to arm tip distance.
Gaussian parameter Atomistically simulated PDFs of Au rods with different relationships between the crystallographic and shape orientations (open circles), shown with shape-corrected small-box fits (purple lines) and difference curves (gray lines) below. The qualities of the fits are similar, but the difference patterns are unique at high r due to the distinct crystallographic orientations and surface terminations.
is relatively small for nanomaterials larger than a few nanometres, we applied realistic Q damp and Q broad effects (Qiu et al., 2004) to atomistically calculated PDFs from the same Au nanorods. The differences between the damped PDFs of the nanorods with the long axis oriented along either [100] or [111] are minor, as shown in Fig. S3 (top row) . With or without instrument damping/broadening, the shape functions extracted via DShaper are unaffected by the different crystallographic orientations of the rods, as shown in Fig. S3 (bottom row) (Lei et al., 2009; Olds et al., 2015) . When nanoparticles are very small (<$5 nm), similar discrepancies can arise due to the presence of faceting or strongly anisotropic structures (e.g. layered materials). For such sizes, the nanoparticle is not smooth because atoms in a nanocrystal are intrinsically arranged into discrete atomic layers. The limitations of using shape functions for very small nanocrystals and/or nanocrystals with highly anisotropic structures, where the characteristic size features are not significantly larger than the structural features, have been described in prior work (Olds et al., 2015) . In this size regime, effects can be significant over the whole range of the PDF. Such cases are best modeled with atomistic approaches (Page et al., 2011) where computational demands are diminished. It should also be noted that any given characteristic of the training set (e.g. faceting, surface termination, aspect ratio etc.) will be encoded in num ðrÞ and therefore care should be taken to ensure that such features are purposefully, rather than inadvertently, applied to the modeling of experimental nanoparticle data.
2.2.2. General considerations. The characteristics of the instrument used to measure the X-ray or neutron total scattering data impact the resultant PDF. Instruments with lower resolution, such as X-ray diffractometers with area detectors, have increased Q damp contributions, which can overshadow the damping due to the shape function (r), except in the case of very small nanocrystals (<$5 nm). The shape and resolution functions can interfere with each other, as they have similar damping envelopes. Therefore, when refining nanomaterial PDFs, it is imperative to first measure a standard reference material (SRM), such as NIST SRM Si 640e, in the same experimental setup as the nanomaterial in order to characterize the instrument resolution.
In the subsequent refinement of the PDF of the nanomaterial, the instrument resolution terms (e.g. Q damp and Q broad ) determined from the SRM should be fixed. As such, there is an upper size limit that can be reliably refined for a given resolution: the better the instrument resolution is, the larger the sizes are that can be accurately determined. The interplay of these can be explored via simulated PDFs with different size and damping envelopes.
In the case of neutron TOF instruments, the effects can be more complicated. Neutron TOF instruments typically have asymmetric peak shapes due to the moderator that neutrons pass through between the source and the sample. The asymmetric peak shape causes the PDF peaks to shift to higher r, resulting in artificially r-dependent lattice parameters (Jeong et al., 2005; Olds et al., 2018) . Similarly, it has been demonstrated that TOF peak broadening due to nanoparticle size shifts PDF peaks to lower r (Jeong et al., Simulated PDFs (open circles) from an Au sphere (a), cube (b), tetrahedron (c) and rod (d) are fit with the spherical shape function (left column) and with the corresponding numerical shape function (right column). The fits are shown as lines through the data and the difference curves are in purple below. Below each fit, the cumulative R wp is shown, with grid lines as guides for the eye. The Au nanocrystal representations portray the models from which the PDFs are calculated while the dashed black circles in the left-hand column represent the dimension of the spherical shape function refined in the PDF refinement for each case. 2005). Collectively, these effects can reduce the fidelity of the PDF at high r (>40 Å ) and impact the sensitivity of the refinement to shape effects.
Finally, it should be noted that small-box modeling programs rely on least-squares refinement and minimization methods, and therefore implementation of the presented numerical shape functions is also subject to the intrinsic limitations of such refinements. Reasonable (based on prior knowledge) starting parameters are best practice. The method here is not designed to solve nanoparticle shapes without a priori knowledge; instead, one should have a good idea of the nanoparticle shape and dimensions from microscopy and utilize this knowledge in the creation of the training set of nanocrystals. For the shapes with two or more length scales, one should also ensure that a reasonable ratio is maintained; e.g. for the nanorod, the training set of simulated shapes consisted of rods where the length l 1 is longer than the cylinder diameter l 2 , so the parameters for the numerical shape function should only be used in cases where l 1 > l 2 .
Simulation examples

Simple shape examples
In this section, we demonstrate the effect of nanoparticle shape on the PDFs of simulated Au nanocrystals with four simple shapes: a sphere, cube, tetrahedron and rod. The sphere is used as a control with which the quality of the other fits can be compared.
Firstly, we follow the protocol above to determine numerical approximations for these four shapes and utilize them to fit simulated data for larger nanocrystals. Fig. 3 compares in each case the results of fitting with the analytical shape function of a sphere (Guinier & Fournet, 1955 ) (left column) to fitting with our numerical shape functions (Fig. 3, right column). A schematic of each Au nanocrystal is shown in the panels. The thick dashed line around the shapes in the left column represents the size of the sphere estimated from using the analytical sphere shape function during refinement. Beneath each PDF, the cumulative weighted residual (cR wp ) from the fit is shown in grey. cR wp is defined as
where y i is the observed data, M i is the model and w i is taken as unity. The cR wp characterizes the quality of the fit as a function of r, providing a visual guide to areas of differing fit quality.
The comparison of the left and right panels in Fig. 3 (a) shows that our derived expression for the spherical shape function (performed for demonstration and benchmarking) performs equally well as the analytical solution. In each additional case, utilizing the accurate shape function improves the quality of the fit and the accuracy of the size estimate. The improvement for the cubes is modest, with R wp decreasing from 4.59% to 4.20%. However, the estimated particle dimensions are significantly more accurate. With the spherical shape function, the refined diameter is 12.58 (1) nm, but when using the numerical cube shape function, the refined edge length is 9.994 (4) nm, which matches the true edge length of the simulated cube used to generate the PDF. For the tetrahedron, the R wp improves from 8.97% to 6.14%, with the majority of improvements observed in the low-r range (< 20 Å ) and around 70-90 Å , as seen in Fig. 3(c) . A better size estimate is obtained here as well. Using the spherical shape function, a diameter of 8.627 (8) nm is obtained, but when the tetrahedron shape function is used, the refined l 1 size estimate is 9.790 (7) nm, which is very close to the actual l 1 of the simulated tetrahedron (9.6 nm).
For the rod (5 nm in diameter and 16.6 nm long), the R wp improves from 13.4% to 9.70% with the use of the numerical rod shape function. In this case, the improvement is the largest of the shapes presented and the refined sizes are close to the actual ones: 4.91 (1) nm for the width and 16.1 (1) nm for the length. Arguably, the rod is the least 'sphere-like' of these shapes with an aspect ratio of 3.2. When using the analytical sphere shape function, the refined diameter is 7.36 (1) nm, which is closer to the width (5 nm) than the length (16.6 nm). As shown in Fig. 3(d) , the spherical shape function precludes the high-r correlations (60 to 100 Å ), which are due to atom pairs along the length of the rod.
Overall, we have shown that the numerically derived shape functions match (in the case of a spherical shape) Calculated PDFs (open circles) from an Fe 2 O 3 spinel tetrapod are fit with a spherical shape function (top) and the numerical shape function (bottom). Fits are shown as red lines through the data with difference curves in tan below. The fit is significantly improved with the numerical shape function. or exceed (in the case of all other shapes tested) the quality of fit achieved with the analytically derived spherical shape function. We have also shown that size parameters are refined accurately with numerically derived shape functions, even for very anisotropic shapes.
Complex shape example: tetrapods
A main advantage of our numerical approach is that it can be generalized to any shape which can be parameterized into characteristic lengths. This advantage is demonstrated with one of the most complex nanocrystal shapes grown in the laboratory thus far: the tetrapod, which is a four-armed structure where the arms are separated by the tetrahedral angle (109.5 ) as shown in the inset in Fig. 4 . Spinel Fe 2 O 3 tetrapods have their arms oriented along the {111} cubic spinel axes (Cozzoli et al., 2006; Petkov et al., 2009) . We built a size series of Fe 2 O 3 tetrapods and used the method of x2.1 to determine a parametric shape function that describes them with three Gaussians (coefficients listed in Table 1 ). Because of the anisotropic nature of a tetrapod, there is a dramatic improvement in the fit when the numerical shape function is employed, with R wp decreasing from 25.2% to 13.8%. The analytical spherical model fails because it cannot simultaneously account for both the shorter-range correlations (r < 30 Å ) within the width of each leg and the center of the tetrapod and the long-range pair correlations (40 < r < 100 Å ), which are due to correlations along the length of the arms and arm to arm.
Experimentally measured examples
BaTiO 3 nanocube
Barium titanate (BaTiO 3 ) nanocrystals can be synthesized with a variety of sizes from $8 to 100 nm using solvothermal synthesis and are of interest for applications such as data storage, energy-storage applications and polymer composites (Caruntu et al., 2015) . They are also of interest in the mission to understand the fundamental lower size limit of ferroelectricity and how different factors such as shape (e.g. sphere versus cube) and surface passivation affect the decay of ferroelectric properties at small sizes (Page et al., 2010; Polking et al., 2012) .
Here, we have measured synchrotron X-ray PDFs of BaTiO 3 nanocubes with {100}-type facets. A transmission electron microscopy (TEM) image of the sample is shown in Fig. S4 . The PDF data were fit using both the spherical shape function and the numerically derived cube shape function, as shown in Fig. 5 . Use of the correct shape function resulted in an improvement in the quality of the fit (R wp decreases from 12.13% to 11.96%) and equivalent lattice parameters. With the spherical shape function, we obtained a value of 10.00 (5) nm for the sphere diameter, but with the cubic shape function, we obtained an edge length of 8.45 (5) nm. A size estimate based on analysis of 100 particles in the TEM image in Fig. S4 provided a mean nanocrystal edge length of 11.8 nm, with a standard deviation of 1.1 nm. The image and analysis show there is significant size polydispersity in the samples and some shape polydispersity. The TEM analysis yields a larger cube length than that obtained from the PDF with a cube shape function by $3 nm. There are several plausible explanations for this discrepancy. The simplest is that the TEM population was not representative of the whole sample: diffraction probes a much larger sample volume than microscopy. Alternately, we consider the idea that particle size analysis using PDFs yields the coherent length scale in a material, rather than the physical extent of the material. In the case of nanoparticles, the ordered region may be smaller than the physical size of the nanoparticles due to domains or a loss of structural coherence at the surfaces of the nanoparticles. The loss of polarization at free surfaces in ferroelectrics is described by the 'extrapolation length' and has been found to be 328 Fits to experimental X-ray PDFs (open circles) of BaTiO 3 nanocubes using the spherical shape function (top) and the numerical cube shape function (bottom). Fits are shown as blue and purple lines through the data with difference curves in green below. The quality of fit improves when using the cube shape function and provides a more physically relevant size for the average cube dimension.
$1.5 nm. (Jia et al., 2007; Polking et al., 2012) . The presence of such a layer on these BaTiO 3 nanocrystals would result in a coherent length scale approximately 3 nm less than the physical size of the nanoparticles, which is exactly what we observe. It is noted that dimensions determined via microscopy and PDF can provide complementary structural information in such cases. By contrast, dimensions determined via the two probes will match for systems composed of highly coherent single-crystalline nanoparticles.
TiO 2 nanoplate
Anatase TiO 2 nanoparticles have attracted tremendous attention because of their excellent catalytic, and especially photocatalytic, reactivity (Fujishima & Honda, 1972; Chen & Mao, 2007) . Nanoplates with {001} dominant facets have been long sought after due to their potentially high photocatalytic reactivity (Gong & Selloni, 2005; Lazzeri et al., 2001) , though only a recent experimental breakthrough (Yang et al., 2008) allowed their synthesis and triggered a controversy regarding the relative reactivity of different surface facets (Gordon et al., 2012; Pan et al., 2011) . This controversy is largely due to the lack of appropriate methods to quantify the relative surface areas of different facets. Recently, our group reported that analysis of diffraction patterns and PDFs using complete atomistic modeling can yield accurate average morphology and size polydispersity of {001} and {101} faceted anatase TiO 2 nanocrystals (Liu et al., 2017) . However, this type of large-box modeling is very time consuming, especially for nanoparticles as large as tens of nanometres.
Despite the success of such a complex approach, it remains highly desirable to develop more efficient computational methods to aid the morphology analysis of large nanocrystals. Here, we demonstrate that small-box modeling with the two-Gaussian numerical function can be used to obtain accurate average sizes of the same {001}-dominant anatase TiO 2 nanoplates. The thickness is refined to be 8.10 (0.99) nm and the edge length to be 33 (3) nm. These values are similar to those found with complete atomistic modeling and consistent with TEM and small-angle neutron scattering [average thickness of 9.7 (3) nm and average edge length of 33.1 (8) nm] (Liu et al., 2017) . In this case, the quality of the fits using the numerical shape function and the analytical sphere shape function are equivalent (R wp = 14.4%), as shown in Fig. 6 , with the sphere shape function yielding a diameter of 19.69 (8) nm However, the ability to determine average thickness and edge lengths for nanoplates quickly and accurately represents significant advantages over previous approaches.
Fe 2 O 3 tetrapods
Iron oxide spinel nanocrystals can be grown with the complex tetrapod shape, as discussed in x3.2 (Cozzoli et al., 2006; Petkov et al., 2009 ). This prior work estimated a $3 nm structural coherence for the tetrapods using an exponential decay function to model ðrÞ in PDF data, which matches the size of the tetrapod arms determined from microscopy (Petkov et al., 2009) . As shown in Fig. 4 , the simulated PDF of a tetrapod exhibits long-range correlations (>10 nm) due to the extended arms. These long-range correlations are less apparent in the experimentally measured PDF, shown in Fig. 7 . This can be attributed to two factors: firstly, instrumental damping (Q damp ) of the PDF suppresses the appearance of long-range correlations, and secondly, the real tetrapods have some bent arms, a large surface area to volume ratio, and the physical size is polydisperse, all of which will increase the apparent disorder and reduce longrange correlations. Because of these factors, the use of the tetrapod numerical shape function instead of a spherical shape function results in an improvement in R wp of only 0.2%. However, with the spherical shape function, the only refinable parameter is the sphere diameter, which was found to be 4.03 (2) nm. The numerical shape function for the tetrapods consists of three Gaussians, which are parameterized for the following three length scales: arm width, arm length and longest distance present (arm tip to arm tip that the average arm width is 3.2 AE 0.5 nm and the average arm length is 10.7 AE 1.2 nm (Petkov et al., 2009 ). The obtained arm width from the numerical shape function is 3.9 (3) nm, arm length is 5.90 (6) nm and the longest distance is 11 (3) nm. The arm length determined here is shorter than that found via microscopy. This is likely due to the fact that the PDF-based method probes correlated atomic distances, so any bends or twists along the length of the arm would interrupt the correlations and thus shorten the apparent length. However, the arm width resulting from refinement of the PDF is found to be comparable with that from TEM measurements. This is fully consistent with a nanocrystal population with well ordered individual arms but irregular arm angles, as observed in microscopy images. This tetrapod case shows an example where higher-fidelity morphology models can provide additional insight relative to simpler spherical shape models, even when they are not perfect representations.
Conclusions
Small-box refinements have the advantages of computational speed and ease of implementation, but are less well suited to structural description of inherently disordered materials, like nanocrystals. Conversely, large-box modeling is computationally slow but allows fully atomistic representations of any nanoparticle, taking into account features such as disorder, surfaces and faceting. In this work, we demonstrated a method to treat particle shape in small-box models by using atomistic modeling to build a training set of shapes, to which a numerical approximation of a nanoparticle shape function is fit. This numerical approximation is then easily implemented in small-box refinements to model the shape effect of nonspherical finite nanoparticles. The application of correct morphology models during small-box fitting provides a fast and accurate determination of parameters with which to better evaluate structure-property relationships, and can complement size estimates from microscopy, which probes very small sample volumes. Implementation of this method with experimental data demonstrates that more accurate shape descriptors can be obtained for nanocubes, nanoplates and tetrapods. This method will be of interest to those in the local structure, crystallography and nanomaterial fields. Finally, the use of complex multi-length-scale shape functions will be increasingly impactful for nanoparticle structure refinements as the quality and crystallinity of synthesized nanoparticles increase and as the resolution of PDF instruments improves.
Figure 7
Fits to the experimental X-ray PDF of Fe 2 O 3 tetrapods using a spherical shape function (top) and the numerical tetrapod shape function (bottom). Fits are shown as tan and blue lines through the data with difference curves in red below.
